ABSTRACT. This paper is about a generalization of famous Inoue's surfaces. Let M be a matrix in SLp2n`1, Zq having only one real eigenvalue which is simple. We associate to M a complex manifold T M of complex dimension n`1. This manifold fibers over S 1 with the fiber T 2n`1 and monodromy M J . Our construction is elementary and does not use algebraic number theory. We show that some of the Oeljeklaus-Toma manifolds are biholomorphic to the manifolds of type T M . We prove that if M is not diagonalizable, then T M does not admit a Kähler structure and is not homeomorphic to any of Oeljeklaus-Toma manifolds.
1. INTRODUCTION 1.1. Background. In 1972 M. Inoue [3] constructed complex surfaces having remarkable properties: they have second Betti number equal to zero and contain no complex curves. These surfaces (called now Inoue surfaces) attracted a lot of attention. It was proved by F. Bogomolov [1] (see also A. Teleman [9] ) that each complex surface with b 2 pXq " 0 containing no complex curves is isomorphic to an Inoue surface. Inoue surfaces are not algebraic, and moreover they do not admit Kähler metric (since their first Betti number is odd).
Let us say that a matrix M P SLp2n`1, Zq is of type I, if it has only one real eigenvalue which is irrational and simple. Inoue's construction associates to every such matrix M P SLp3, Zq a complex surface T M obtained as a quotient of HˆC by action of a discrete group (here H is the upper half-plane). This manifold fibers over S 1 with fiber T 3 and the monodromy of this fibration equals the diffeomorphism of T 3 determined by M J . Inoue's construction was generalized to higher dimensions in several papers in particular in a celebrated paper of K. Oeljeklaus and M. Toma [6] . The construction of Oeljeklaus and Toma uses algebraic number theory. It starts with an algebraic number field K. Denote by s the number of embeddings of K to R and by 2t number of non-real embeddings of K to C, so that pK : Qq " s`2t. K. Oeljeklaus and M. Toma constructed an action of a certain semi-direct product Z s ⋉ Z 2t`s on H sˆCt , such that the quotient is a compact complex manifold of complex dimension s`t. This manifold has interesting geometric properties, studied in details in [6] ; in particular, it does not admit a Kähler metric. The original Inoue surface corresponds to the algebraic number field generated by the eigenvalues of the matrix M .
1.2.
Outline of the paper. In the present paper we introduce another generalization of Inoue's construction. Our method does not use algebraic number theory, it generalizes the original Inoue's approach. Let and M P SLp2n`1, Zq be a matrix of type I. We construct an action of a certain semi-direct product Z ⋉ Z 2n`1 on HˆC n , the quotient is a complex non-Kähler manifold T M . It fibers over S 1 with fiber T 2n`1 and the monodromy of this fibration equals the diffeomorphism of T 2n`1 determined by M J . The construction of the manifolds is done in Section 2 and their properties are studied in Sections 3 and 4.
The basic difference of our construction from the preceding generalizations of Inoue's work is that the matrix M can be non-diagonalizable. In the non-diagonalizable case the monodromy of the fibration T M Ñ S 1 is also non-diagonalizable, and this implies that certain Massey products in the cohomology of T M with local coefficients do not vanish. Therefore the manifold T M is not strongly formal (see [7] for definition of strongly formal manifolds). This implies that the manifold T M and its cartesian powers pT M q l , l P N do not admit a structure of a Kähler manifold.
In Section 5 we show that some of the Oeljeklaus-Toma manifolds are biholomorphic to manifolds T M for some special choices of the matrix M . Then we show that if M is non-diagonalizable then the manifold T M is not homeomorphic to any of Oeljeklaus-Toma manifolds (see Subsection 5.3).
MANIFOLD T M : THE CONSTRUCTION
Let n be a positive integer and M " pm ij q an element of SLp2n1 , Zq. Suppose that M has eigenvalues α, β 1 , . . . , β k , β 1 , . . . , β k P C which satisfy α P R, α ą 0, α ‰ 1, Impβ j q ą 0 for every j P t1, . . . , ku, and the eigenspace V of M corresponding to α has dimension one. We denote the generalized eigenspace of M corresponding to an eigenvalue β by W pβq, namely
We obtain a direct sum decomposition of C 2n`1 into complex Minvariant subspaces
Let a be a real eigenvector of M corresponding to α and b 1 , . . . , b n a basis of W . Then b 1 , . . . , b n is a basis of W , and a, b 1 , . . . , b n , b 1 , . . . , b n is a basis of C 2n`1 . Let f M : W Ñ W be the restriction of M to W , and R " pr ij q the matrix of f M in the basis b 1 , . . . , b n , namely
where a p1q , . . . , a p2n`1q are real numbers. We also consider the vectors
The following lemma is easy to prove.
Lemma 2.1. The vectors v 1 , . . . , v 2n`1 are linearly independent over R.
We consider the following matrices and vectors:
A direct computation proves the following lemma.
Lemma 2.2. The equality M B " BR holds. In particular
Let H be the upper half of the complex plane, namely
We consider complex-analytic automorphisms g 0 , g 1 , . . . , g 2n`1 : HĈ n Ñ HˆC n defined by g 0 pw, zq :" pαw, R J zq, g i pw, zq :" pw, zq`u i for every pw, zq P HˆC n and i P t1, . . . , 2n`1u. Let G M be the subgroup of AutpHˆC n q generated by g 0 , g 1 , . . . , g 2n`1 , H M the subgroup of AutpHˆC n q generated by g 1 , . . . , g 2n`1 , and xg 0 y the infinite cyclic group generated by g 0 . Lemma 2.1 implies that H M is a free abelian group of rank 2n`1. Lemma 2.3. For every i 1 we have
Proof. Let pw, zq P HˆC. We have
which equals pg
Observe that the group G M {H M is generated by one element g 0 . For pw, zq P HˆC denote Im w by p 1 pw, zq. We have then p 1 pg i pw, zqq " p 1 pw, zq for i ą 0 and p 1 pg 0 pw, zqq " α¨p 1 pw, zq. Therefore the element g n 0 is not in H M for any n P Z. Proposition 2.4. The group G M is isomorphic to a semi-direct product of Z and Z 2n`1 associated to the action of Z on Z 2n`1 given by the formula t¨v " M J v (where t is a generator of Z and v P Z 2n`1 ).
Proof. It follows from the observation above that the group G M {H M is infinite cyclic. Therefore the exact sequence
The action of the group Z on Z 2n`1 is easily deduced from Lemma 2.3.
Corollary 2.5. The group G M admits a finite presentation with generators g 0 , g 1 , . . . , g 2n`1 and defining relations Proof. The first part of the Lemma follows from the fact that G M {H M is abelian. Further, Corollary 2.5 implies that the group H M {rG M , G M s is isomorphic to the abelian group generated by g 1 , . . . , g 2n`1 with relations
Proposition 2.7. The action of G M on HˆC n is free and properly discontinuous.
Proof. We will prove that the action is free, the proof of the discontinuity is similar. Let pw, zq P HˆC n , and g P G M . Assume that gpw, zq " pw, zq for some pw, zq P HˆC n . Write g " g m0 0¨h , where h P H M . Observe that p 1 pgpw, zqq " α m0¨I mw; therefore m 0 " 0, and g P H M . THe action of H M leaves invariant the p2n`1q-dimensional real affine subspace
On this space H M acts as a full lattice generated by vectors v 1 , . . . , v 2n`1 . This action is free, therefore g " 1.
We consider the map g M : RˆC n Ñ RˆC n defined by
A direct computation using Lemma 2.2 proves the following Lemma.
Lemma 2.8. The matrix of the linear transformation g M with respect to the basis pu 1 , . . . , u 2n`1 q is equal to M J .
By Proposition 2.7, the quotient T M :" pHˆC n q{G M is a complex manifold of complex dimension n`1. If n " 1, the manifold T M is called Inoue surface (see [3] ). Since the action of H M on HˆC n is also free and properly discontinuous, C M :" pHˆC n q{H M is also a complex manifold of dimension n`1. If we consider H as ?´1 R˚ˆR, the group H M acts on ?´1 R˚trivially. The quotient pRˆC n q{H M is a p2n`1q-dimensional torus T 2n`1 . The map g M descends to a self-diffeomorphism of T 2n`1 . Thus we have C M " ?´1 R˚ˆT 2n`1 . Observe that the matrix M J determines a self-diffeomorphism of T 2n`1 , this diffeomorphism will be denoted by the same symbol M J .
Proposition 2.9. The manifold T M is diffeomorphic to the mapping torus of
In particular, T M is compact.
Proof. From 2.4, we have the equality
This last manifold is diffeomorphic to the manifold obtained from r1, αsˆT 2n`1 by glueing t1uˆT 2n`1 with tαuˆT 2n`1 by g M . The conclusion now follows from Lemma 2.8.
TOPOLOGICAL PROPER TIES OF T M
We begin by computation of the first Betti number of T M . Then we show that the homeomorphism type of T M determines the matrix M up to conjugacy in SLp2n`1, Zq and inverting M (see Theorem 3.2). This result implies in particular (Subsection 5.3) that if M is not diagonalizable, then the manifold T M is not homeomorphic to any of the manifolds constructed in [6] . Proof. The fundamental group π 1 pT M q of T M is isomorphic to G M , which has the finite presentation given in Corollary 2.5. Hence the first homology group H 1 pT M ; Zq is isomorphic to the abelian group generated by g 0 , g 1 , . . . , g 2n`1 with relations
Since 1 is not an eigenvalue of M , we have detpM´Iq ‰ 0. Thus the first homology group H 1 pT M ; Qq with rational coefficient is isomorphic to Q.
3.2.
On fundamental groups of mapping tori. Let k be a natural number; any matrix A P SLpk, Zq; determines a homeomorphism φ A : T k Ñ T k . Denote by T A the mapping torus of this map, we have a fibration p A : T A Ñ S 1 with fiber T k .
Theorem 3.2. Let A, B P SLpk, Zq, assume that 1 is not an eigenvalue of A neither of B. Assume that π 1 pT A q « π 1 pT B q. Then A is conjugate to B or to B´1 in SLpk, Zq.
Proof. Consider the infinite cyclic covering T A Ñ T A induced from the universal covering R Ñ S 1 by p A . The space T A is homotopy equivalent to the fiber of p A , that is, to T k . Therefore the Milnor exact sequence [5] of the covering T A Ñ T A is isomorphic to the following sequence
Since A´1 is injective, the group H 1 pT A q is isomorphic to Z ' F where F is a finite abelian group. Therefore there are exactly two epimorphisms π 1 pT A q onto Z, and they are obtained from one another via multiplication by p´1q. Consider the exact sequence of the fibration p A :
It follows from this sequence that π 1 pT A q is isomorphic to the semidirect product Z ⋉ Z k where the action of the generator t of π
where ε equals 1 or´1. Therefore the element f pθ A q equals θ B¨g or pθ B q´1¨g with some g P π 1 pT k q. Thus the homomorphism A is conjugate to B or to B´1 in SLpk, Zq.
Corollary 3.3.
If π 1 pT A q « π 1 pT B q and A is diagonalizable, then B is also diagonalizable. Theorem 3.2 above can be reformulated in terms of semi-direct products of groups. Let A P SLpk, Zq. Consider the action˝of Z on Z k defined by m˝x " A m¨x ; denote by S A the corresponding semi-direct product Z ⋉ Z k .
Corollary 3.4. Let A, B P SLpk, Zq, assume that 1 is not an eigenvalue of A neither of B. Assume that S A « S B . Then A is conjugate to B or to B´1 in SLpk, Zq.
Proof. Define an action˝of S A on RˆR k as follows:
The quotient space is clearly KpS A , 1q. It is also easy to see that it is the mapping torus of the map A : T k Ñ T k . Thus S A « S B implies π 1 pT A q « π 1 pT B q, and applying the preceding theorem we deduce the Corollary. Definition 3.5. We say that the semi-direct product S A " Z ⋉ Z k is of diagonal type, if A is diagonalizable over C and its eigenvalues are different from 1.
We say that the semi-direct product S A " Z ⋉ Z k is of non-diagonal type, if A is non-diagonalizable over C and its eigenvalues are different from 1.
Corollary 3.6.
A semi-direct product of diagonal type is not isomorphic to a semi-direct product of non-diagonal type. Proposition 3.7. Let A, B P SLp2n`1, Zq. The manifolds T A and T B have then natural orientations. Assume that A is conjugate to B or to B´1 in SLp2n`1, Zq. Then there is an orientation preserving diffeomorphism T A « T B .
Proof. 1) If A " C´1BC with C P SLpZ, 2n`1q then the required diffeomorphism is given by the formula px, tq Þ Ñ pCx, tq.
2) If A " C´1B´1C with C P SLpZ, 2n`1q then the required diffeomorphism is defined as the composition χ˝φ˝ψ with
Observe that ψ and χ reverse orientation, and φ is orientation preserving. The proposition is proved.
GEOMETRIC PROPER TIES OF T M
This section is about the properties of the manifolds T M related to its complex structure. These properties are mostly similar to the properties of OT-manifolds. The first section is about the holomorphic bundles over T M and their sections.
In the last two subsections we investigate the questions of existence of Kähler and locally conformally Kähler structures on manifolds T M . Here we concentrate ourselves on the case when the matrix M is not diagonalizable. Proof. Let f : HˆC n Ñ C be a holomorphic function. Suppose that f pgpw, zqq " f pw, zq for every g P H M and pw, zq P HˆC n . In particular, for i 1 we have (2) f pw, zq " f pg i pw, zqq " f ppw, zq`u i q.
Then A w is an n-dimensional complex space, and B w is a real vector space of dimension 2n`1. We have A w Ă B w . The abelian group generated by the vectors u 1 , . . . , v 2n`1 is a full lattice in B w , therefore f | B w is bounded, and so is f | A w . The function f | A w is holomorphic and bounded, therefore it is constant. Thus f pw, 0q " f pw, zq for every pw, zq P HˆC n . Consider a subset
Using (2) repeatedly, we deduce that f pw, 0q " f pw`ξ, 0q for every ξ P A. Since a is an eigenvector of M corresponding to α, we have αa piq P A for every i. The set A 0 :" tpn 1`n2 αqa piq | n 1 , n 2 P Zu is included in A, and it is dense in R by Kronecker's density theorem. Therefore A is also dense in R, and f pw, 0q does not depend on w.
Our next proposition is similar to [6] , Prop. 2.5.
Proposition 4.2.
1) There are no non-trivial holomorphic 1-forms
Then the bundle K bk admits no non-trivial global sections. The Kodaira dimension of T M is therefore equal to´8.
Proof. 1) Let λ be a holomorphic 1-form on T M . Denote by u : HˆC n Ñ T M the universal covering of T M . We have
where f i are holomorphic functions on HˆC n ; they are invariant with respect to H M , therefore constant by Proposition 4.1. The form u˚λ is also g 0 -invariant. Since g0pdwq " αdw, we have f 0 " 0. Similarly, since 1 is not an eigenvalue of M we deduce that f i pw, zq " 0 for every i 1.
2) Let ρ be a section of K bk . Then
Similarly to the point 1) we deduce that f pz, wq is a constant function. Since u˚ρ is also g 0 -invariant, we have pα¨β 1¨¨¨βn q k " 1. The condition det M " 1 implies then that pβ 1¨¨¨βn q k " 1, and finally α k " 1, which is impossible. Proof. Consider the composition π 1 :
where π is the fibration induced by the mapping torus structure on T M . The map π 1 is a fibration with fiber pT M q l´1ˆT2n`1 . The monodromy homomorphism of this fibration equals IdˆM J . This matrix is not diagonalizable, and the main theorem of [8] implies that pT M q l does not admit a Kähler structure.
Locally conformally Kähler structures.
In 1982 F. Tricerri [10] proved that Inoue manifold admits an LCK-structure. The case of OT-manifolds is different, it is proved in [6] that the OT-manifolds XpK, U q do not admit an LCK-structure for s " 1.
Proposition 4.4.
Assume that M is not diagonalizable. Then T M does not admit an LCK-structure.
Proof. The proof follows the lines of the corresponding theorem of Oeljeklaus-Toma [6] , Prop. 2.9; in our case the argument is somewhat simpler. Assume that there exists an LCK-structure on T M ; denote by Ω the corresponding 1-form, so that dΩ " ω^Ω. Consider the infinite cyclic covering p : T M Ñ T M corresponding to the mapping torus structure of T M . The universal covering HˆC n Ñ T M factors as follows:
We have a diffeomorphism T M « T 2n`1ˆR , and replacing the form pq˝pq˚Ω by its average with respect to the action of T 2n`1 we can assume that the form pq˝pq˚Ω on HˆC n does not depend on the coordinates z " pz 1 , . . . , z n q on every subspace thuˆC n . Let pqp q˚Ω " df , with f : HˆC n Ñ R. Since pq˝pq˚Ω is a symplectic form on thuˆC n , this implies df " 0 on thuˆC n . Put τ " e´f¨pq˝pq˚Ω.
(where we have named the first coordinate of thuˆC n by z 0 ) Here g ij pz 0 , z 1 ,¨, z n q does not depend on pz 1 ,¨, z n q. Moreover, dτ " 0, and this implies easily that g ij pzq does not depend on z 0 either. We can assume that f p ?´1 , 0, . . . , 0q " 0. Let ξ " f p ?´1 , 0, . . . , 0q " 0 P R, and µ " e´ξ. Denote by τ 0 the restriction of τ to iˆC n . Then we have pM J q˚τ 0 " µ¨τ 0 , which implies that the linear map M J {µ conserves the non-degenerate 2-form τ 0 P^2pC n q. The symmetric form σpx, yq " τ 0 px, iyq on C n is a scalar product (since Ω is the imaginary part of a hermitian form), therefore M J {µ conserves a scalar product, which is impossible since M J is non-diagonalizable.
RELATIONS WITH THE OELJEKLAUS-TOMA CONSTRUCTION
In this section we study the relation between the manifold T M constructed in §2 and the manifolds constructed by K. Oeljeklaus and M. Toma in [6] (OT-manifolds for short). In Subsection 5.2 we show that some of OT-manifolds appear as T M -manifolds. In Subsection 5.3 we show that the manifold T M with M non-diagonalizable is not homeomorphic to any of OT-manifolds.
Construction of OT-manifolds.
Let us first recall the construction from [6] (in a slightly modified terminology). Let K be an algebraic number field. An embedding K ã Ñ C is called real if its image is in R; an embedding which is not real is called complex. Denote by s the number of real embeddings and by t the number of complex embeddings. Then pK : Qq " s`2t. Let σ 1 , . . . , σ s be the real embeddings and σ s`1 , . . . , σ s`2t be the complex embeddings; we can assume that σ i " σ t`i for i s`1. The map σ : K Ñ R sˆCt ; σpxq "`σ 1 pxq, . . . , σ s`t pxqȋ s an embedding (known as geometric representation of the field K, see [2] , Ch. II, §3). Let O be any order in K, then σpOq is a full lattice in R sˆCr . Denote by O˚the group of all units of O. Dirichlet theorem (see [2] , Ch. II, §4 , Th. 5) says that the group O˚{T ors is a free abelian group of rank s`t´1. Assume that t 1. Choose any elements u 1 , . . . , u s of this group generating a free abelian subgroup of rank s. A unit λ P O will be called positive if σ i pλq ą 0 for every i s. Replacing u i by u 2 i if necessary we can assume that every u i is positive. The subgroup U of O˚{T ors generated by u 1 , . . . , u s acts on O and we can form the semi-direct product P " U ⋉ O. The group P acts on C r " C sˆCt as follows:
‚ any element ξ P O acts by translation by vector σpξq P R sˆCr . ‚ any element λ P U acts as follows: λ¨pz 1 , . . . , z s`t q " pσ 1 pλqz 1 , . . . , σ s`t pλqz s`t q.
For i s the numbers σ i pλq are real and positive, so the subset H sˆCt is invariant under the action of P. This action is properly discontinuous and the quotient is a complex analytic manifold of dimension s`t which will be denoted by XpK, O, U q. The notation XpK, U q used in the article [6] pertains to the case when the order O is the maximal order of K.
5.2.
OT-manifolds as manifolds of type T M . Consider the case s " 1. In this subsection we will denote the number of complex embeddings of K by n, in order to fit to the terminology of the previous sections. Then pK : Qq " 2n`1. We assume that n 1. Assume that there is a Dirichlet unit ξ in K such that Qpξq " K. This assumption holds for example when there are no proper subfields Q K 1 K; this is always the case if 2n`1 is a prime number. Replacing ξ by ξ 2 if necessary we can assume that ξ is positive. Denote by O the order Zrξs, and let U be the group of units, generated by ξ. Denote by P the minimal polynomial of ξ, let C P be the companion matrix of P , and put D P " C J P . Proposition 5.1. We have a biholomorphism
Proof. Let us give explicit descriptions of both these manifolds.
The manifold
The lattice σpOq is a free Z-module generated by e i " σpξ i q. Denote by α, β 1 , . . . , β n ,β 1 , . . . ,β n , the roots of P (here α P R, β i R R). Then σpξ k q " pα k , β k 1 , . . . , β k n q, and the action of ξ on this basis is given by the following formula: ξ¨px, z 1 , . . . , z n q " pαx, β 1 z 1 , . . . , β n z n q.
The manifold T D P .
The eigenvalues of the matrix D P are the same as of the matrix C P , that is, α, β 1 , . . . , β n ,β 1 , . . . ,β n ,. The corresponding eigenvectors are:
i q pwhere 1 i nq. The vectors u i generating the group H D P of translations (see Section 2, page 3) are given by the formula u 1 " p1, . . . , 1q, u 2 " pα, β 1 , . . . , β n q, . . . , u 2n`1 " pα 2n , β 2n 1 , . . . , β 2n n q. Both matrices D P , C P restricted to the subspace W generated by the vectors u i with 2 i n`1 are diagonal in this bases and the diagonal entries are equal to β 1 , . . . , β n . Therefore the element g 0 P G D P acts as follows g 0¨p w, z 1 , . . . , z n q " pαw, β 1 z 1 , . . . , β n z n q.
The proposition follows.
5.3.
The case of non-diagonalizable matrix M . Lemma 5.2. Let K be an algebraic number field with s " 1, put pK : Qq " 2n`1. Let O be an order in K, and ξ a positive unit of O. Let X " XpK, O, ξq be the corresponding OT-manifold. Then the group π 1 pXq is a semi-direct product Z ⋉ Z 2n`1 of diagonal type.
Proof. The π 1 pXq is a semi-direct product S A where A is the matrix of the action of the unit ξ on O. Let P be the minimal polynomial of ξ. The roots of P are simple and different from 1. Since P pAq " 0, the minimal polynomial of A has the same properties. Therefore A is diagonal and Lemma is proved. Proposition 5.3. Let M P SLp2n`1, Zq be a matrix of type I and non-diagonalizable over C. Then the group π 1 pT M q is not isomorphic to the fundamental group of any of manifolds XpK, U q constructed in [6] . Therefore T M is not homeomorphic to any of manifolds XpK, U q.
Proof. Assume that we have an isomorphism π 1 pXpK, U« π 1 pT M q. Since b 1 pπ 1 pXpK, U" s, and b 1 pπ 1 pT M" 1, we have s " 1. By Lemma 5.2 π 1 pXpK, Uis isomorphic to a semi-direct product Z⋉Z 2n`1 of diagonal type. Recall that π 1 pT M q is a a semi-direct product of a non-diagonal type. Apply Corollary 3.6 and the proof is over.
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